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FOREWORD 

This monograph was produced a t  V i r g i n i a  Polytechnic I n s t i t u t e  i n  a 

p i l o t  program administered by Oklahoma State Univers i ty  under contract  t o  

the NASA O f f i c e  o f  Technology U t i l i z a t i o n .  

determine the f e a s i b i l i t y  o f  presenting the resu l t s  o f  recent research i n  

NASA Laboratories, and under NASA contract, i n  an educational format su i  t ab le  

as supplementary mater ia l  i n  classwork a t  engineering colleges. The mono- 

graph may r e s u l t  from e d i t i n g  s i n g l e  technical  reports o r  synthesizing 

several technical  reports r e s u l t i n g  from NASA's research e f f o r t s .  

The program was organized t o  

Fol 1 owi ng the preparat ion o f  the monographs, the program i n c l  udes t h e i  r 

evaluat ion as educational mater ia l  i n  a number o f  un i ve rs i t i es  throughout 

the country. The r e s u l t s  o f  these ind i v idua l  evaluations i n  the classroom 

s i t u a t i o n  w i l l  be used t o  help determine i f  t h i s  procedure i s  a s a t i s f a c t o r y  

way o f  speeding research resu l t s  i n t o  engineering education. 

ABSTRACT 

This monograph, based on NASA Report N65-16268 [l], discusses a technique 

The "derived" f o r  the design o f  minimum energy discrete-data contro l  systems. 

matr ix  i s  used t o  determine the control  sequence t h a t  w i l l  take the s t a t e  o f  

p l a n t  from some i n i t i a l  s t a t e  t o  a desired f i n a l  s t a t e  i n  N sampling periods. 

The cost  funct ion stresses the c o n t r o l l i n g  ac t i on  o f  any p a r t  of the i n p u t  

sequence and relegates the remainder o f  t he  sequence t o  a support ing ro le .  
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INSTRUCTORS' GUIDE FOR MONOGRAPHS 

1. Educational l eve l  o f  the monograph--Graduate course i n  optimal cont ro l  

of d iscrete data systems. 

Prerequis i te  course material--The students should understand the use o f  

the llcanoni cal  'I vectors and sampled-data contro l  systems 

Estimated lec tu re  t ime requi red--One hour, 

Techni ca l  s i  gni f i  cance--The material presents the use of the "derived" 

ma t r i x  t o  determine the minimum-enerqy contro l  sequence. 

N e w  o r  unusual concepts--The "derived" matr ix.  

How monographs can best be used--It i s  suggested tha t :  

2. 

3. 

4. 

5. 

6. 

( a )  A l ec tu re  of approximately one hour be given over the monograph 

m a t e r i a l .  

(b) The class be assigned the home problem. 

?. Other reports reviewed by the e d i t o r  i n  preparing t h i s  Monograph-- 

Revington, A. M. and Hung, J .  C.: Design o f  Minimum Energy Discrete-Data 

Cont ro l  Systems, Department of E l e c t r i c a l  Engineering, The Univers i ty  o f  

Tennessee , NASA N65-16439. 

8. Note t o  i n s t r u c t o r :  A l l  uncolored pages o f  the i ns t ruc to rs  monograph are 

i n  the copies intended f o r  student use. 
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DESIGN OF TIME-WEIGHTED MINIMUM ENERGY 

D I  SCRETE-DATA CONTROL SYSTEMS 

Consider an n-th order, l i n e a r ,  t ime- invar iant ,  sampled-'data system. 

The s t a t e  t r a n s i t i o n  equation f o r  t he  system i s  

- x [ (k+ l )  T I  = a(T)&(kT) + k(T)m [(k+l)T], 

where &(kT) i s  the  s t a t e  vector a t  time kT and T i s  the  sampling period. 

Also, @(T)  i s  the nxn s t a t e  t r a n s i t i o n  matr ix ,  - h(T) i s  the n-dimensional 

f o rc ing  vector and m(kT) i s  the control  dur ing the i n t e r v a l  (k-1)T, kT. 

The ob jec t  o f  the op t im iza t ion  i s  t o  determine the i npu t  sequence 

m(kT), k= l ,  2, ..., N t h a t  w i l l  take the system from any given i n i t i a l  s t a t e  

x t o  the o r i g i n  o f  the s t a t e  space X i n  N sampling periods and a t  the  same 

t ime minimize the cost  func t ion  
Q 

N 

k= 1 
E = E d(k) [m(kT)I2 , 

where the d(k)  are p o s i t i v e  scalars. When d(k)= l ,  f o r  a l l  k, t h i s  problem i s  

the minimun energy problem. 

Mathemati ca l  Development 

The canonical vectors [23 for the system o f  equation (1) are 

-i r = *- l (T)  h(T) = @ ( - i T )  i ( T ) ,  i = 1,2 , . . . ,N,  (3 )  

where N > n. I f  the  system i s  completely cont ro l lab le ,  t he  f i r s t  n q ' s  can 

be used t o  form a basis for  the n-dimensional s t a t e  space X and any s t a t e  & 

i n  X can be expressed i n  the  form 

N 

1 

(4) 
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where the ai are rea l  constants. 

Kalman and Bertram have shown [4,5] t h a t  the s t a t e  1~ can be taken t o  the  o r i g i n  

o f  the s t a t e  space by applying the control  sequence 

m(kT) = -ak k = 1,2 ,..., N. (5 )  

I f  N=n, the s o l u t i o n  o f  the n simultaneous equations o f  equation (4) i s  the unique 

s o l u t i o n  t o  the l i n e a r  time-optimal regulator  problem. 

If N > n, on ly  n o f  the N r. vector are l i n e a r l y  independent and there are 
-1 

an i n f i n i t e  number o f  i npu t  sequences which w i l l  take - x t o  the o r i g i n  i n  N sampling 

periods. 

cont ro l  sequences also minimizes equation (2) .  

w r i t t e n  i n  the form 

The object  o f  t h i s  minimization i s  t o  determine which o f  the i n f i n i t e  

I f  N > n, equation (4)  can be 

n N- n 
' bk %+k , k= l  aK$ x =  c - 

k=l 

o r  

where R i s  an nxn ma t r i x  w i t h  the n canonical vectors rr<, k = l  ,. . . ,n, as columns. 

Q i s  an nx(N-n) matr ix  

Except f o r  a change i n  

sequence t o  be appl ied 

I f  the d e f i n i t i o n s  

- c = R'lx - 

and 

H = R - ~ Q  

. . . , r as columns. w i th  the canonical vectors q,tl, qt2, 4 

sign, the components o f  a and b represent the i n p u t  

t o  the p lant .  Pre-mult iplying equation ( 7 )  by R - l  gives 

R- QL. (8) 
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are s u b s t i t u t e d  i n t o  equation ( 8 ) ,  a can be expressed i n  the form 

- a = - c - HL. . (11 1 

The nx(N-n) ma t r i x  H i s  the "derived matrix", which i s  "derived" from the l a s t  

N-n canonical vectors. Equation (9) transforms the vector 11 o f  s t a t e  space X 

i n t o  the vector  c of "canonical vectors space" C. The coordinates o f  s t a t e  space 

C are the f i r s t  n canonical vectors rk k=l  ,. . . ,n. 

The energy consumption can be w r i t t e n  i n  the compact form 

T T E = g Dg + Fb, 

where D i s  the diagonal m a t r i x  w i t h  elements dkk = d(k), k=l,2, ... ,n, and F i s  

the diagonal ma t r i x  with elements f k k  = d(k+n), k=l,2, ... ,N-n. 

equation (11) i n t o  equation (12) gives 

Subs t i t u t i ng  

E = (2 - Hb-)TD(~ - + Hb) - + LTFb-, 

o r  

which expresses the energy E as a funct ion o f  N-n independent var iables from b. 
In order t o  minimize E, s e t  $ = 0. The condi t ion f o r  a minimum i s  - 

(15) T [HTDH + F]b - = H Dc - , 

pos i t i ve .  aE and - 
ab2 

Equation (15) can be w r i t t e n  i n  terms o f  g and b o f  equation (15),  

From equation (16), the condit ions for a minimum reduces to ,  

Fb - = HTDg 
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and t h i s  can be subs t i t u ted  i n t o  equation (12) t o  g i ve  the  minimal value o f  energy 

= a D a  T + B H D g  T T  = [a T + b H ] D a .  T T  - - - Em - -  

Equation (17) can a lso be subst i tu ted i n t o  equation (11) t o  g ive 

[I + HF- ' 1 T  H D]a = c 

where I i s  the i d e n t i t y  matr ix.  Now define 

-1 T B = I + H F  H D  

and equation (18) can be w r i t t e n  i n  the form 

-1 - a = B c .  - 

The existence o f  B - l  can be shown [2]. Equations (18) and (19) can be combined 

t o  reduce the expression f o r  minimal energy t o  

Thus, the condi t ion f o r  minimal energy as w e l l  as i t s  value can be expressed i n  

a compact form. The essent ia l  steps o f  the process are ou t l i ned  i n  the fo l lowing 

summary. 

Sumnary 

The system s t a t e  vector x(kT) expressed i n  terms o f  the system canonical 

vector q , i = 1,2,. . . ,N, and the vectors g and 

sequence t o  be appl ied t o  the p lant .  

t o  - b t o  the vector - c o f  "canonical vector space'' C, 

which represent the i n p u t  

The "derived" ma t r i x  H i s  used t o  r e l a t e  

c = a + H b  - - - (23) 

The energy required t o  take 2 t o  the o r i g i n  i s  
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and i s  minimized when 

(25) -1 T b = F H Dg. 

The minimal value o f  energy i s  

T E = -5 Da 

where 

a = B-L - 

The desired contro l  i s  

I [ m ( l ) ,  m(2), ...* m(n)] = [-al, -a2, ..., -an] = -a - 

[m(n+l), m(n+2), ...) m(N)] = [-b,, -b2, ...) -b 3 - obT - (29) N-n 

Design Procedure 

1) Determine the t r a n s i t i o n  ma t r i x  0 and the fo rc ing  vector E. 

2)  Determine the canonical vect 

3) Determine the matrices R and 

4) Determine the "derived" matr 

w r. 
Q. 
x H. 

5) Determine the canonical s t a t e  vector c. 
6)  Determine the matr ix  B using desired values f o r  F and D. 

7) Determine g from c and B. 

8) Determine from a. 
9)  Determine the contro l  m(kT) from the  components o f  and b. 

10) Check energy consumed. 

Concl usi  on 

A procedure has been presented f o r  the t ime weighted minimum energy discrete-data 
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contro l  o f  an n-th order plant.  The procedure u t i l i z e s  the "derived" matr ix  t o  

s imp l i f y  the calculat ions.  The procedure i s  appl icable t o  systems o f  any order 

and type. 

Home Problem 

Consider the second-order system 

where the input  M(s) i s  the output o f  a zero order hold w i th  T = 1 second and the 

system output i s  Y(s) .  

The i n i t i a l  condit ions are x,(O) = 1.0 and x2 = (0) = 0.0. 

Let  the s ta te  var iable be xl( t )  = y ( t )  and x,(t) = y(t).  

(a)  Determi ne the s ta te  trans i ti on equation. 

(b) Detennine the contro l  sequence tha t  drives the system t o  the o r i g i n  i n  

four  sampling periods and minimizes energy, Let D = F = I (no t i m e  

welght i  ng ) . 
(c )  Determine the contro l  sequence tha t  drives the system t o  the o r i g i n  i n  

four  sampling periods and minimizes the time-weighted energy. 

D =  r 3 andF = r  0 4  1. Let  

0 2  
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(a) Determine th s t a t e  t r a n s i t i o n  equation. The vector d i f f e r e n t i a l  equation i s  

- i(t) = A x(t) + sw m ( t ) ,  (31 1 

where 

The s t a t e  t r a n s i t i o n  equation i s  

where 

(b ) (c )  Determination o f  minimal energy control sequence f o r  N = 4. The canonical 
vectors are 

[ iek  - e&-” - 1jJ 
t f o r  k = 1,2, ..., 4, k- 1 e - e  .rj, 

and 

The mat r ix  Q i s  

-11.6961 -33.5118 

Q = [  12.6961 34.5118 1 
and the  derived mat r ix  H i s  
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The vector g i s  

and the elements of the matr ix 6 are 
c - 
112.;;;3)2 + (1OiJ;7)l 

bll = + dll 

1 (2.71 33;:;. 71 83) - (10.107)(11.107~] 
b12 = d22 f22 

2.71 83) ( 3.71 83) - (10~107~~~1.107)l 

p3,6:;i)2 + (11.107) ‘1 b22 = 1 + dZ2 
f22 

For p a r t  (b), (No t ime weighting) D = F = 1 and = B’lc, - which i s  

T For the vector - b, use - b = H - a which i s  

- b ; [ o * 2 6 4 ~  . 
-0.1794 

The control  sequence i s  therefore 

m(1) = -0.4875 
m(2) = -0.4275 
m(3) = -0.2643 
m(4) = 0.1794 

and the minimun input  energy i s  

E = 0.05226. 
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For part C, (tjtne netghtlRg), 

D =  [' 0 2  Y a n d F  = [ "  0 4  7. 
The vectors g and b are 

The cont ro l  sequence f o r  the t ime weighted case i s  

m(1) = -0.7078 

m ( 2 )  = -0.3014 

m ( 3 )  = -0.1056 

m ( 4 )  = 0.1149 

The d i f fe rence i n  the required input  energy should be pointed out. 

time-optimal con t ro l  were used, only two sampling periods would have been 

requi  red  bu t  the  i n p u t  energy would be much greater. 

I f  
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